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a b s t r a c t
Let G be a finite abelian group and S = g1 · · · gl a minimal zero-sum sequence of elements
in G. We say that S is unsplittable if there do not exist an element gi ∈ supp(S) and two
elements x, y ∈ G such that x+ y = gi and Sa−1xy is a minimal zero-sum sequence as well.
The notion of the index of a minimal zero-sum sequence in G has been recently addressed
in the mathematical literature (see Definition 1.1). Let I(Cn) be the minimal integer t such
that everyminimal zero-sum sequence of at least t elements in Cn (the cyclic group of order
n) satisfies index(S) = 1. In this paper, all the unsplittable minimal zero-sum sequences
of length I(Cn) − 1 are discovered and their indexes are computed. The results show that
Conjecture 1.1 is true when n is odd, and false when n is even.
© 2009 Elsevier B.V. All rights reserved.
1. Introduction
Let G be a finite abelian group (written additively). F (G) denotes the free abelian monoid with basis G, the elements of
which are called sequences (in G). A sequence will be written in the form S = g1 · · · gl = ∏li=1 gi = ∏g∈G gvg (S) ∈ F (G),
where vg(S) ∈ N0 = N ∪ {0} is called the multiplicity of g in S. We say that S contains some g ∈ G if vg(S) ≥ 1. As usual,
we define |S| = l =∑g∈G vg(S) ∈ N0, the length of S, and σ(S) =∑ki=1 gi =∑g∈G vg(S)g ∈ G, the sum (of the elements)
of S. A sequence T ∈ F (G) is called a subsequence of S if vg(T ) ≤ vg(S) for every g ∈ G, denoted by T |S. Whenever T |S, the
element R = ST−1 ∈ F (G) denotes the sequence with T deleted from S. Clearly, RT = S. We say that sequences T1, . . . , Tk
are disjoint subsequences of S if their product
∏k
i=1 Ti is a subsequence of S. And let
∑
(S) = {∑i∈I gi|∅ 6= I ⊆ [1, l]} ⊆ G
denote the set of all sums of non-empty subsequences of S, and let supp(S) = {g ∈ G : g = gi for some i} be the support of
S. We say that the sequence S =∏li=1 gi in G is
• a zero-sum sequence if σ(S) = 0,
• a zero-sum-free sequence if 0 6∈∑(S),
• a square-free sequence if vg(S) ≤ 1 for every g ∈ G; in other words, S is a subset of G,
• aminimal zero-sum sequence (MZS), if it is a zero-sum sequence and each proper subsequence is zero-sum-free.
Let S be a minimal zero-sum (resp. zero-sum-free) sequence of elements in an abelian group G; we say that S is splittable
if there exists an element g ∈ supp(S) and two elements x, y ∈ G such that x + y = g and Sg−1xy is a minimal zero-sum
(resp. zero-sum-free) sequence as well; otherwise we say that S is unsplittable.
Definition 1.1 ([2]). Let G be an abelian group.
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(1) Let g ∈ G be a non-zero element with ord(g) = n > 1. For a sequence S = (n1g)(n2g) · · · (nlg), where l ∈ N0 and
n1, . . . , nl ∈ [1, n], we define ‖S‖g = n1+···+nln to be the g-norm of S.
(2) Let S be a zero-sum sequence for which 〈supp(S)〉 ⊂ G is a nontrivial finite cyclic group. Then we call index(S) =
min{‖S‖g |g ∈ Gwith 〈supp(S)〉 = 〈g〉 ∈ N} the index of S.
Definition 1.2. I(G) denotes the smallest integer l ∈ N such that every minimal zero-sum sequence S ∈ F (G) of length
|S| ≥ l has index(S) = 1.
index(S) was first introduced by Chapman, Freeze and Smith in [1] and I(Cn) was named by Gao [3]. There are some
conclusions on I(Cn) ([1,3,5]). Recently, the precise value of I(Cn) has been determined independently by Yuan [7], and
by Savchev and Chen [6]. Gao [3] suggested the following conjecture:
Conjecture 1.1 ([3]). Let S be aminimal zero-sum sequence of |S| = I(Cn)−1. Suppose that S is unsplittable. Then index(S) = 2.
In this paper, we obtain all the unsplittable minimal zero-sum sequences of length I(Cn)− 1 and compute their indexes.
Therefore, we conclude that Conjecture 1.1 is true when n is odd, false when n is even.
Throughout the paper, unless specifically stated otherwise, we always discuss the sequence S in a cyclic group Cn of order
n and assume that the generating element of Cn is g .
2. Basic results
In order to prove our main result, we need the following lemmas.
Lemma 2.1 ([7,6]). I(Cn) = 1 if n ∈ {1, 2, 3, 4, 5, 7}, I(C6) = 5, and I(Cn) = [ n2 ] + 2 if n ≥ 8.
Lemma 2.2 ([4] Theorem 5.3.1). Let S be a zero-sum-free sequence of elements in an abelian group, and let S1, S2, . . . , Sk be
disjoint subsequences of S. Then, |∑(S)| ≥∑ki=1 |∑(Si)|.
Lemma 2.3 ([4] Theorem5.2.10). Let B and C be two subsets of an abelian group. Suppose 0 ∈ B∩C and 0 has a unique expression.
Then |B+ C | ≥ |B| + |C | − 1.
Proposition 2.1. Let S be a minimal zero-sum sequence in an abelian group of order n and S1, S2, . . . , Sk be non-empty
subsequences such that S = S1S2 · · · Sk. Then |∑(S1)| + · · · + |∑(Sk−1)| + |∑(Sk) \ {σ(Sk)}| < n.
Proof. Set Ai = ∑(Si)⋃{0} for i = 1, . . . , k − 1 and Ak = (∑(Sk) \ {σ(Sk)})⋃{0}. Repeatedly applying Lemma 2.3, we
have |A1 + A2 + · · · + Ak| ≥ |A1| + |A2| + · · · + |Ak| − (k − 1). Note that (A1 + A2 + · · · + Ak) \ {0} ⊆ ∑(S) \ {0}.
Thus n > |∑(S) \ {0}| ≥ |(A1 + A2 + · · · + Ak) \ {0}| = |A1 + A2 + · · · + Ak| − 1 ≥ |A1| + |A2| + · · · + |Ak| − k =
|∑(S1)| + · · · + |∑(Sk−1)| + |∑(Sk) \ {σ(Sk)}|. 
Lemma 2.4. If S is a minimal zero-sum sequence of n elements, then S = gn.
Lemma 2.5 ([7]). Let S be an unsplittable minimal zero-sum sequence. If a, ta ∈ supp(S)with t ∈ [2, n−1], then t ≥ va(S)+2.
In particular, 2a 6∈ supp(S) when a ∈ supp(S).
Lemma 2.6 ([7]). Let S be an unsplittable minimal zero-sum sequence, and a, b ∈ supp(S) with a 6= b.
1. If k ∈ [0, va(S)], then |∑(akb)| = 2k+ 1.
2. If va(S) ≥ 2, vb(S) ≥ 2 and 2(b− a) 6= 0, then |∑(a2b2)| = 8.
Lemma 2.7 ([4] Proposition 5.3.2/2). Let S be an unsplittable minimal zero-sum sequence and abc a subsequence of S where
a, b, c are pairwise distinct and none of a, b, c are of order 2 when n is even. Then |∑(abc)| ≥ 6. Furthermore, |∑(abc)| = 6
if and only if one of b+ c = a, a+ b = c, or a+ c = b holds.
It is easy to prove the following lemma.
Lemma 2.8. Let S be an unsplittable minimal zero-sum sequence, and abcd a subsequence of S where a, b, c, d are pairwise
distinct and none of a, b, c, d are of order 2 when n is even. In addition, 3a 6= 0. Then there exists a subsequence yz of bcd
satisfying |∑(ayz)| = 7.
It is also easy to prove the following result.
Lemma 2.9. Let S be an unsplittable minimal zero-sum sequence, and abcd a subsequence of S where a, b, c, d are pairwise
distinct and none of a, b, c, d are of order 2 when n is even. Then there exists a subsequence xyz of abcd satisfying |∑(xyz)| = 7.
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Lemma 2.10 ([4] Proposition 5.3.2/3). Let S be a square-free, zero-sum-free sequence with |S| ≥ 4. Then |∑(S)| ≥ 2|S|.
Lemma 2.11. Let S be an unsplittable minimal zero-sum sequence and T = (ag)k(x1g)(x2g) be a subsequence of S and T that
contains no element of order 2 , where a, x1, x2 ∈ [1, n− 1], k > 1, a|n, and x1 < x2.
1. a|x1 and a|x2.
(1) If x1 + x2 < n, then |∑(T )| ≥ 2|T | + 1.
(2) If x1 + x2 = n+ k1a, then |∑(T )| ≥ 2|T |. Moreover, apart from for the case where T = (ag)k( n−a2 g)( n+3a2 g), we have|∑(T )| ≥ 2|T | + 1 when n is odd.
2. If a|x1, a - x2, or a|x2, a - x1, then |∑(T )| ≥ 2|T | + 1.
Proof. 1. a|x1 and a|x2.
(1) x1 + x2 < n.
(a) If x2− x1 ≥ (k+1)a, then ag, . . . , kag, x1g, . . . , (x1+ ka)g, x2g, . . . , (x2+ ka)g, (x1+ x2)g, . . . , (x1+ x2+ ka)g
are all distinct elements of
∑
((ag)k(x1g)(x2g)), so |∑(T )| = |∑((ag)k(x1g)(x2g))| = 4k+ 3 ≥ 2|T | + 1.
(b) If x2−x1 < (k+1)a, then ag, . . . , kag, x1g, . . . , x2g, . . . , (x1+ka)g, . . . , (x2+ka)g, (x1+x2)g, . . . , (x1+x2+ka)g
are all distinct elements of
∑
((ag)k(x1g)(x2g)), so |∑(T )| = 3k+ 2+ x2−x1a ≥ 2|T | + 1.
(2) x1 + x2 = n + k1a. In this case, we observe that x1 > (k1 + k)a. Otherwise, we have x1 ≤ (k1 + k)a; then
x1 + x2 ≤ (k1 + k)a + x2, so n ≤ x2 + ka and (ag)k(x2g), and hence S contains a proper zero-sum subsequence, a
contradiction.
(i) k1 ≥ k+ 1.
(a) If x2 − x1 ≥ (k+ 1)a, then ag, . . . , kag, k1ag, . . . , (k1 + k)ag, x1g, . . . , (x1 + ka)g, x2g, . . . , (x2 + ka)g are
all distinct elements of
∑
((ag)k(x1g)(x2g)), so |∑(T )| = |∑((ag)k(x1g)(x2g))| = 4k+ 3 ≥ 2|T | + 1.
(b) If x2−x1 < (k+1)a, then ag, . . . , kag, k1ag, . . . , (k1+k)ag, x1g, . . . , x2g, . . . ., (x1+ka)g, . . . , (x2+ka)g are
all distinct elements of
∑
((ag)k(x1g)(x2g)), so |∑(T )| = |∑((ag)k(x1g)(x2g))| = 3k+2+ x2−x1a ≥ 2|T |+1.
(ii) k1 < k+ 1.
(a) If x2−x1 ≥ (k+1)a, then ag, . . . , k1ag, . . . , kag, . . . , (k1+k)ag, x1g, . . . , (x1+ka)g, x2g, . . . , (x2+ka)g are
all distinct elements of
∑
((ag)k(x1g)(x2g)), so |∑(T )| = |∑((ag)k(x1g)(x2g))| = 3k+ 2+ k1 ≥ 2|T | + 1.
(b) If x2−x1 < (k+1)a, then ag, . . . , k1ag, . . . , kag, . . . , (k1+k)ag, x1g, . . . , x2g, . . . ., (x1+ka)g, . . . , (x2+ka)g
are all distinct elements of
∑
((ag)k(x1g)(x2g)), so |∑((ag)k(x1g)(x2g))| = 2k+ 1+ k1 + x2−x1a .
If
{
x2 − x1 = a
x2 + x1 = n+ a , then x1 =
n
2
, a contradiction. Thus, we have
∣∣∣∑(T )∣∣∣ ≥ 2|T |.
If
{
x2 − x1 = 2a
x2 + x1 = n+ a , or
{
x2 − x1 = a
x2 + x1 = n+ 2a , then
x1 = n− a2 , x2 =
n+ 3a
2
or x1 = n+ a2 , x2 =
n+ 3a
2
.
So, T = (ag)k
(
n− a
2
g
)(
n+ 3a
2
g
)
or T = (ag)k
(
n+ a
2
g
)(
n+ 3a
2
g
)
.
But if n is odd, then T = (ag)k( n+a2 g)( n+3a2 g) is impossible since T ′ = 2T = (2ag)k(ag)(3ag), contradicting
Lemma 2.5.
Thus, apart from for the case where T = (ag)k( n−a2 g)( n+3a2 g), we have |
∑
(T )| ≥ 2|T | + 1.
2. If a|x1, a - x2, or a|x2, a - x1, it is easy to see that ag, . . . , kag, x1g, . . . , (x1+ka)g, x2g, . . . , (x2+ka)g, (x1+x2)g, . . . , (x1+
x2 + ka)g are all distinct elements of∑((ag)k(x1g)(x2g)), so |∑((ag)k(x1g)(x2g))| = 4k+ 3 ≥ 2|T | + 1. 
Similarly, we can prove the following result:
Lemma 2.12. Let S be an unsplittable minimal zero-sum sequence and T = (ag)k(x1g)(x2g) be a subsequence of S and T that
contains no element of order 2 , where a, x1, x2 ∈ [1, n− 1], k > 1, a - x1, a - x2, x1 < x2 and a|n.
1. (1) If a - x1 + x2, and a - x2 − x1, then |∑(T )| ≥ 2|T | + 1.
(2) If a - x1+x2,and a|x2−x1, then |∑(T )| ≥ 2|T |. Furthermore, apart from for the two cases where T = ( n3g)2(x1g)((x1+
n
3 )g) and T = ( n3g)2(x1g)((x1 + 2n3 )g), we have |
∑
(T )| ≥ 2|T | + 1.
2. (1) If a|x1 + x2 and a - x2 − x1, then |∑(T )| ≥ 2|T | + 1.
(2) If a|x1 + x2 and a|x2 − x1, then n is even and apart from for the case where T = (2g) n2−1(x1g)((n + 2 − x1)g), where
2 - x1, 1 < x1 < n, 1 < r < m− 1, we have |∑(T )| ≥ 2|T | − 1.
Lemma 2.13. Let S be a minimal zero-sum sequence and ak(a + h)l be a subsequence of S where h ∈ Cn with ord(h) = 2, but
S 6= ak(a+ h)l. Then |∑(ak(a+ h)l)| = 2(k+ l)− 1.
Proof. 1. If 2|l, then a, . . . , ka, (k + 1)a, . . . , (k + l)a, a + h, 2a + h, . . . , (k + l − 1)a + h are all distinct elements of∑
(ak(a+ h)l) = 2(k+ l)− 1.
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2. If 2 - l, then a, . . . , ka, (k + 1)a, . . . , (k + l − 1)a, a + h, 2a + h, . . . , (k + l − 1)a + a + h are all distinct elements of∑
(ak(a+ h)l) = 2(k+ l)− 1. 
Lemma 2.14. Let S be a minimal zero-sum sequence in a finite abelian group G. Then S is unsplittable if and only if for every
element a ∈ supp(S), we have |∑(Sa−1)| = |G| − 1, i.e.,∑(Sa−1) = G \ {0}.
Proof. Suppose |∑(Sa−1)| = |G| − 1. Since S is a minimal zero-sum sequence in G, we have that∑(Sa−1) = G \ {0} and
σ(Sa−1) = −a. It follows that for any element u ∈ Gwith u 6= −a, there is a proper subsequence T of S such that σ(T ) = u.
Consequently, if a = x+ y, x 6= 0, y 6= 0, then there exists a proper subsequence T1 of Sa−1 such that σ(T1) = −x, and so
Sa−1xy is not a minimal zero-sum sequence, which implies that S is unsplittable.
For the converse, suppose S is unsplittable. For every element a ∈ supp(S) and for any representation a = x + y with
x 6= a, y 6= a, we have that the sequence Sa−1xy is not a minimal zero-sum sequence. Note that Sa−1 is zero-sum-free and
σ(Sa−1xy) = 0; it follows that there exists a proper subsequence T1 = T \ {x} such that x ∈ supp(T ), y 6∈ supp(T ) and
σ(T ) = 0, and so there exists a proper subsequence T1 = T \ {x} of Sa−1 such that σ(T1) = −x and σ(Sa−1T−11 ) = −y.
In other words, we have that −x ∈ ∑(Sa−1). Note that −a = σ(Sa−1); it follows that∑(Sa−1) = G \ {0}. Therefore
|∑(Sa−1)| = |G| − 1. 
Lemma 2.15. Let S be a minimal zero-sum sequence consisting of two distinct elements. Then S is splittable.
Proof. Suppose S is unsplittable; set S = (ag)u(bg)v where u > 0, v > 0, a ∈ [1, n − 1] and b ∈ [1, n − 1]. Since
ag = bg + (a − b)g , by the definition of an unsplittable zero-sum sequence, the sequence S ′ = S(ag)−1(bg)((a − b)g) =
(ag)u−1(bg)v+1((a− b)g) contains a proper zero-sum subsequenceW such thatW = (ag)u1((a− b)g)where 0 < u1 ≤ u.
It follows that b = (u1 + 1)a, a contradiction to Lemma 2.5. 
3. Main results
Theorem 3.1. Let S be an unsplittable minimal zero-sum sequence of length |S| = I(Cn)− 1; we have:
(1) If n is odd, then S = g n−52 ( n+32 g)2( n−12 g) when n ≥ 9 and S = (3g)2(g)(4g)(7g) when n = 9, and index(S) = 2,
i.e., Conjecture 1.1 is true.
(2) If n is even, then (1) S = (2g) n2−1(x1g)((n+ 2− x1)g), where 2 - x1, 1 < x1 < n and index(S) = 2;
(2) S = g t( n2g)((1+ n2 )g)2l, where t and l are positive integers with t+2l = n2 , and Conjecture 1.1 is false, more precisely.
(i) When n ≡ 0 (mod 4), then 2 ≤ index(S) ≤ n4 .
(ii) When n ≡ 2 (mod 4), then 2 ≤ index(S) ≤ n+24 .
Proof. Let S be an unsplittable minimal zero-sum sequence with length |S| = I(Cn)− 1, then |S| = [ n2 ] + 1 by Lemma 2.1.
From Lemmas 2.4 and 2.15, we know that S contains at least three distinct elements. We distinguish two cases.
Case 1. n is even. We also consider two cases.
Subcase 1. If supp(S) contains some element e with ord(e) = 2, then e = n2g . Thus Se−1 is a minimal zero-sum sequence
of n2 elements in C n2 . By Lemma 2.4, Se
−1 = h n2 for some h ∈ C n
2
with ord(h) = n2 (as a sequence of C n2 ). Therefore we
can write, as a sequence of Cn, S in the form S = g n2−v((1 + n2 )g)v( n2g). So S is a MZS if and only if 2|v. Let v = 2l; then
S = g t( n2g)(g + n2g)2l, where t + 2l = n2 . We will prove that S = g
n
2−v((1+ n2 )g)v( n2g) is unsplittable.
We observe that {g, 2g, . . . , ( n2 − 1)g} =
∑
(g t−1(2g)l) ⊆ ∑(Sg−1) and { n2g, ( n2 + 1)g, . . . , (n − 1)g} = n2g +
{0, g, . . . , ( n2 − 1)g} ⊆
∑
(Sg−1) if t > 1, and {g, 2g, . . . , ( n2 − 2)g} =
∑
(g(2g)l−1) ⊆ ∑(Sg−1) and {( n2 + 1)g, ( n2 +
2)g, . . . , (n − 1)g} = ( n2 + 1)g + {0, g, . . . , ( n2 − 2)g} ⊆
∑
(Sg−1), ( n2 − 1)g ∈
∑
(Sg−1) if t = 1. It follows that
|∑(Sg−1)| = n− 1. Similarly, |∑(S( n2g)−1)| = |∑(S(g + n2g)−1)| = n− 1.
It is easy to show that index(S) = l + 1, and it reaches its maximal value n4 when n ≡ 0(mod 4) and n−24 when
n ≡ 2(mod 4). Moreover, index(S) runs over the set {2, . . . , n4 } when l runs over all the positive integers from 1 to n−44
when n ≡ 0(mod 4); index(S) runs over the set {2, . . . , n+24 }when l runs over all the positive integers from 1 to n−24 when
n ≡ 2(mod 4).
Subcase 2. If supp(S) does not contain any element ewith ord(e) = 2 and S is not of the form of (2g) n2−1(x1g)((n+2−x1)g),
where 2 - x1, 1 < x1 < n, and if we can partition S into some disjoint subsequences S1, . . . , Sv, T1, . . . , Tu,Q ,W , such that
|S1| = · · · |Sv| = 3 and each Si consists of three distinct elements, |T1| = · · · = |Tu| = 4 and each Ti is of the form
α2β2, 2(α − β) 6= 0, and Q may be the empty sequence or consist of four distinct elements such that W = (ag)p(xg),
(ag)k(x1g)(x2g), (ag)l1((ag)+e)l2 with ord(e) = 2, or the empty sequence,where u ≥ 0, v ≥ 0 and p ≥ 0, k > 1, l1, l2 ≥ 1.
ForW = (ag)p(xg), we have |∑(W )| = 2|W |−1 by Lemma 2.6. ForW = (ag)l1(ag+e)l2 , we have |∑(W )| = 2|W |−1
by Lemma 2.13.
ForW = (ag)k(x1g)(x2g), suppose a|n. If a - n, let gcd(a, n) = a′. Then there exists an integer q coprime with n such that
S ′ = qS,W ′ = qW = (a′g)k(x′1g)(x′2g), where a′|n. Thus we can consider W ′. Hence, by Lemma 2.11 or Lemma 2.12,
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if W 6= (2g) n2−1(x1g)((n + 2 − x1)g), where 2 - x1, 1 < x1 < n, we have |∑(W )| ≥ 2|W | − 1. We also obtain
|∑(Si)| ≥ 2|Si| for i = 1, 2, . . . , v by Lemma 2.7 and |∑(Tj)| ≥ 2|Tj| for j = 1, 2, . . . , u by Lemma 2.6. |∑(Q )| ≥ 2|Q | by
Lemma 2.10. Therefore, we have |∑(W )| + |∑(T1)| + · · · + |∑(Tu)| + |∑(Q )| + |∑(S1) \ {σ(S1)}| + · · · + |∑(Sv)| ≥
2|W | − 1+ 8u+ 2|Q | + 6v− 1 = 2(|S| − 1) = n (if v > 0), or |∑(W )| + |∑(T1) \ {σ(T1)}|+ · · ·+ |∑(Tu)| + |∑(Q )| +
|∑(S1)|+· · ·+|∑(Sv)| ≥ 2|W |−1+8u+2|Q |+6v−1 = 2(|S|−1) = n (if u > 0), or |∑(W )\{σ(W )}| ≥ 2|W |−1 = n
(if S = W ), a contradiction to Proposition 2.1. Hence, in these cases, S is not unsplittable.
For W = (2g) n2−1(x1g)((n + 2 − x1)g), where 2 - x1, 1 < x1 < n, we know that W is unsplittable by Lemma 2.12.
Obviously, index(S) = 2.
Case 2. n is odd.
Subcase 1. We can choose a subsequence T = αβγ or (ag)k(x1g)(x2g) of S such that |∑(T )| = 2|T | + 1 and partition S
into some disjoint subsequences T , S1, . . . , Sv, T1, . . . , Tu,Q ,W , such that |S1| = · · · |Sv| = 3 and each Si consists of three
distinct elements, |T1| = · · · = |Tu| = 4 and each Ti is of the form δ2ζ 2, and Q may be the empty sequence or consist of four
distinct elements such thatW = (ag)p(xg), (ag)q(x1g)(x2g), or the empty sequence, where u ≥ 0, v ≥ 0. Arguing as above,
we have |∑(T )\{σ(T )}|+|∑(T1)|+· · ·+|∑(Tu)|+|∑(Q )|+|∑(S1)|+· · ·+|∑(Sv)|+|∑(W )| ≥ 2(|S|−1)+1 = n,
a contradiction to Proposition 2.1. Hence, in this case, S is not an unsplittable MZS.
Subcase 2. The conditions of Subcase 1 are not met. Then by Lemmas 2.8, 2.9, 2.11 and 2.12, it follows that S must be of the
form (ag)u( n+3a2 g)
v( n−a2 g), where a|n, u > 1, v ≥ 1, or ( n3g)2(x1g)((x1 + n3 )g)((x1 + 2n3 )g), where 0 < x1 < n3 .
For S = (ag)u( n+3a2 g)v( n−a2 g), we say that it is an unsplittable MZS if and only if v = 2 and a = 1. We know that 2 - a
since 2 - n. Note that σ(S) = a+12 ng + v2ng + a2 (v − 2)g .
• If 2 - v, then a(v−2)2 = kn + n2 , for some k ∈ N0. We say that S is not a MZS since S has a proper zero-sum subsequence,
S0 = ( n+3a2 g)v−2 (σ(S0) = v+12 ng + 3kng).• If 2|v, then a(v − 2) = 2kn for some k ∈ N0. So v = 2 and k = 0. Otherwise, S has a proper zero-sum subsequence,
S0 = ( n+3a2 g)v−2.
Hence, S = (ag) n−12 −2( n+3a2 g)2( n−a2 g). By Lemma 2.5, n−a2 ≥ a( n−12 − 2 + 2) = a(n−1)2 ; thus a = 1 and S = g
n−5
2
( n+32 g)
2( n−12 g). From Lemma 2.14, it is easy to prove that S = g
n−5
2 ( n+32 g)
2( n−12 g) is unsplittable. Obviously, index(S) = 2.
For S = ( n3g)2(x1g)((x1 + n3 )g)((x1 + 2n3 )g), where 0 < x1 < n3 , it follows that S = ( n3g)2( n9g)( 4n9 g)( 7n9 g) since S is a
MZS.
And when n > 9, |∑(S( n3g)−1)| = |∑(( n3g)( n9g)( 4n9 g)( 7n9 g))| = 8 < n− 1; hence S is not unsplittable by Lemma 2.14.
For n = 9, it is easy to see that S = (3g)2(g)(4g)(7g) is unsplittable and index(S) = 2.
Thus we have proved the theorem. 
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Appendix
Proof of Lemma 2.12
1. a - x1 + x2.
(1) If a - x2− x1, then ag, . . . , kag, x1g, (x1+ a)g, . . . , (x1+ ka)g, x2g, . . . , (x2+ ka)g, (x1+ x2)g, . . . , (x1+ x2+ ka)g are
all distinct elements of
∑
(T ), so |∑(T )| = 4k+ 3 ≥ 2|T | + 1.
(2) If a|x2 − x1, then let x2 − x1 = ra (r < m) andma = n; we consider the following two cases.
Case 1. r ≥ k+ 1.
Subcase 1. If r+k < m, then ag, . . . , kag, x1g, (x1+a)g, . . . , (x1+ka)g, x2g, . . . , (x2+ka)g, (x1+x2)g, . . . , (x1+x2+ka)g
are all distinct elements of
∑
(T ), so |∑(T )| = 4k+ 3 ≥ 2|T | + 1.
Subcase 2. If r + k = m, then ag, . . . , kag, x1g, (x1 + a)g, . . . , (x1 + ka)g, x2g, . . . , (x2 + (k− 1)a)g, (x1 + x2)g, . . . , (x1 +
x2 + ka)g are all distinct elements of∑(T ), so |∑(T )| = 4k+ 2 ≥ 2|T | + 1.
Subcase 3. r + k > m, let r + k = m + s, where 0 < s < k < r . Then ag, . . . , kag, x1g, (x1 + a)g, . . . , (x1 + ka)g, x2g =
(x1 + ra)g, . . . , (x2 + (k − s − 1)a)g = (x1 + (m − 1)a)g, (x1 + x2)g = (2x1 + ra)g, . . . , (x1 + x2 + (m − r − 1)a)g =
1132 X. Xia, P. Yuan / Discrete Mathematics 310 (2010) 1127–1133
(2x1 + (m− 1)a)g, (x1 + x2 + (m− r)a)g = (2x1)g, . . . , (x1 + x2 + ka)g = (2x1 + sa)g are all distinct elements of∑(T ),
so |∑(T )| = 4k+ 2− s ≥ 3k+ 3 ≥ 2|T | + 1.
Case 2. r < k+ 1.
Subcase 1. If r + k < m, then ag, . . . , kag, x1g, (x1 + a)g, . . . , x2g = (x1 + ra)g, . . . , (x1 + ka)g, . . . , (x2 + ka)g =
(x1 + (r + k)a)g, (x1 + x2)g, . . . , (x1 + x2 + ka)g are all distinct elements of∑(T ), so |∑(T )| = 3k+ 2+ r ≥ 2|T | + 1.
Subcase 2. If r + k = m, then ag, . . . , kag, x1g, (x1 + a)g, . . . , x2g = (x1 + ra)g, . . . , (x1 + ka)g, . . . , (x2 + (k − 1)a)g =
(x1 + (m− 1)a)g, (x1 + x2)g, . . . , (x1 + x2 + ka)g are all distinct elements of∑(T ), so |∑(T )| = 3k+ 1+ r ≥ 2|T |.
Furthermore, apart from for the case where
{
r = 1
k = 2 , i.e., T = ( n3g)2(x1g)((x1 + n3 )g), where n3 - x1, 0 < x1 < 2n3 , we have
|∑(T )| ≥ 2|T | + 1.
Subcase 3. r + k > m; let r + k = m + s, where 0 < s < r ≤ k. Then ag, . . . , kag, x1g, (x1 + a)g, . . . , x2g =
(x1+ra)g, . . . , (x1+ka)g, . . . , (x2+(k−s−1)a)g = (x1+(m−1)a)g, (x1+x2)g = (2x1+ra)g, . . . , (x1+x2+(m−r−1)a)g =
(2x1 + (m− 1)a)g, (x1 + x2 + (m− r)a)g = (2x1)g, . . . , (x1 + x2 + ka)g = (2x1 + sa)g are all distinct elements of∑(T ),
so |∑(T )| = 2k+m+ 1 ≥ 3k+ 2 ≥ 2|T |.
Furthermore, apart from for the case where
{
m = k+ 1
k = 2 , i.e., T = ( n3g)2(x1g)((x1 + 2n3 )g), where n3 - x1, 0 < x1 < n3 , we
have |∑(T )| ≥ 2|T | + 1.
2. If a|x1 + x2, then let x1 + x2 = k1a, x1 + x2 = n+ k1a, where k1 < m, am = n. We assert that k1 + k ≤ m. Otherwise,
akx1x2 has a proper zero-sum subsequence, a contradiction.
(1) a - x2 − x1. We consider the following two cases.
Case 1. k1 ≥ k + 1. It is easy to see that ag, . . . , kag, x1g, (x1 + a)g, . . . , (x1 + ka)g, x2g, . . . , (x2 + ka)g, k1ag, (k1 +
1)ag, . . . , (k1 + k)ag are all distinct elements of∑(T ), so |∑(T )| = 4k+ 3 ≥ 2|T | + 1.
Case 2. k1 < k+1. It is easy to see that ag, . . . , k1ag, . . . , (k1+k)ag, x1g, (x1+a)g, . . . , (x1+ka)g, x2g, . . . , (x2+ka)g, (x1+
x2)g, . . . , (x1 + x2 + ka)g are all distinct elements of∑(T ), so |∑(T )| = 3k+ 2+ k1 ≥ 2|T | + 1.
(2) a|x1 + x2 and a|x2 − x1 imply 2|a. So n is even. We consider the following two cases.
Case 1. r = x2−x1a < k+ 1.
Subcase 1. k1 ≥ k+ 1.
(i) r + k < m. It is easy to see that ag, . . . , kag, k1ag, (k1 + 1)ag, . . . , (k1 + k)ag, x1g, (x1 + a)g, . . . , x2g = (x1 +
ra)g, . . . , (x1 + ka)g, . . . , (x2 + ka)g = (x1 + (r + k)a)g are all distinct elements of∑(T ), so |∑(T )| = 3k + 2 + r ≥
3k+ 3 ≥ 2|T | + 1.
(ii) r + k ≥ m. It is easy to see that ag, . . . , kag, k1ag, (k1 + 1)ag, . . . , (k1 + k)ag, x1g, (x1 + a)g, . . . , x2g =
(x1+ra)g, . . . , (x1+ka)g, . . . , (x1+(m−1)a)g are all distinct elements of∑(T ), so |∑(T )| = 2k+1+m ≥ 3k+2 ≥ 2|T |.
Subcase 2. k1 < k+ 1.
(i) r + k < m. It is easy to see that ag, . . . , k1ag, (k1 + 1)ag, . . . , kag, . . . , (k1 + k)ag, x1g, (x1 + a)g, . . . , x2g = (x1 +
ra)g, . . . , (x1+ka)g, . . . , (x2+ka)g = (x1+(r+k)a)g are all distinct elements of∑(T ), so |∑(T )| = k1+2k+1+r ≥ 2|T |
since r = l1 = 1 does not hold. Otherwise x2 = a or x1 = n2 .
(ii) r + k ≥ m. It is easy to see that ag, . . . , k1ag, (k1 + 1)ag, . . . , kag, . . . , (k1 + k)ag, x1g, (x1 + a)g, . . . , x2g =
(x1 + ra)g, . . . , (x1 + ka)g, . . . , (x1 + (m− 1)a)g are all distinct elements of∑(T ), so |∑(T )| = k+m+ k1.
Apart from for the cases where
{
x1 + x2 = n+ a
m = k+ 1 , i.e., T = (ag)m−1(x1g)((n+ a− x1)g), we have |
∑
(T )| ≥ 2|T | − 1.
For T = (ag)m−1(x1g)((n+ a− x1)g), this is a MZS, where a - x1.
If a > 2, then T ((n + a − x1)g)−1 = (ag)m−1(x1g), and |∑((ag)m−1(x1g))| = 2m − 1 < n − 1 when m < n2 . So T is
splittable by Lemma 2.13.
If a = 2, T = (2g)m−1(x1g)((n + 2 − x1)g) is a MZS, where 2 - x1, 2 < x1 < n. It is not difficult to verify that T is
unsplittable whenm = n2 .
Case 2. r = x2−x1a ≥ k+ 1.
Subcase 1. k1 ≥ k+ 1.
(i) r + k < m. It is easy to see that ag, . . . , kag, k1ag, (k1 + 1)ag, . . . , (k1 + k)ag, x1g, (x1 + a)g, . . . , (x1 +
ka)g, x2g, . . . , (x2 + ka)g are all distinct elements of∑(T ), so |∑(T )| = 4k+ 3 > 2|T |.
(ii) r + k ≥ m. It is easy to see that ag, . . . , kag, k1ag, (k1+ 1)ag, . . . , (k1+ k)ag, x1g, (x1+ a)g, . . . , (x1+ ka)g, x2g =
(x1+ra)g, . . . , (x2+(m−1−r)a)g = (x1+(m−1)a)g are all distinct elements of∑(T ), so |∑(T )| = 3k+2+m−r > 2|T |.
Subcase 2. k1 < k+ 1.
(i) r + k < m. It is easy to see that ag, . . . , k1ag, (k1 + 1)ag, . . . , kag, . . . , (k1 + k)ag, x1g, (x1 + a)g, . . . , (x1 +
ka)g, x2g, . . . , (x2 + ka)g are all distinct elements of∑(T ), so |∑(T )| = 3k+ 2+ k1 > 2|T |.
(ii) r+k ≥ m. It is easy to see that ag, . . . , k1ag, (k1+1)ag, . . . , kag, . . . , (k1+k)ag, x1g, (x1+a)g, . . . , (x1+ka)g, x2g =
(x1+ra)g, . . . , (x2+(m−1−r)a)g = (x1+(m−1)a)g are all distinct elements of∑(T ), so |∑(T )| = 2k+1+k1+m−r ≥
2|T |. So if
{
k1 = 1
m− r = 1 ,we get x2 = n2 , a contradiction. 
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